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QUANTITATIVE STRATIFICATION OF STATIONARY CONNECTIONS
YU WANG
ABSTRACT. Let A be a connection of a principal bundle P over a Riemannian manifoldM , such that its cur-
vature FA ∈ L
2
loc(M) satisfies the stationarity equation. It is a consequence of the stationarity that θA(x, r) =
ecr
2
r4−n
´
Br(x)
|FA|
2 is monotonically increasing in r, for some c depending only on the local geometry of
M . We are interested in the singular set defined by S(A) = {x : limr→0 θA(x, r) 6= 0}, and its stratification
Sk(A) = {x : no tangent measure at x is (k + 1)-symmetric}. We then introduce and study the quantitative
stratification Skǫ (A). Roughly speaking, S
k
ǫ (A) consists of points at which no tangent measure of A is ǫ-close
to being (k+1)-symmetric. In the main Theorem, we show that Skǫ is k-rectifiable and satisfies the Minkowski
volume estimate Vol(Br(S
k
ǫ )∩B1) ≤ Cr
n−k . Lastly, we apply the main theorems to the stationary Yang-Mills
connections to obtain a rectifiability theorem that extends some previously known results in [Tia00].
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2 YU WANG
1. INTRODUCTION
Let P be a principal bundle with compact Lie group fiber G over an n-dimensional (n ≥ 4) Riemannian
manifold M . Consider a connection A ∈ L2loc(M, gP ) on P . Define the curvature of A to be FA =
dA + 12 [A ∧ A] in the distribution sense. Further assume that FA ∈ L2loc(M, gP ⊗ Λ2M). The most
important hypothesis in this paper will be the stationarity, defined as follows:
Definition 1.1. Let A be a connection satisfying the preceding conditions. We say that A is a stationary
connection, if ˆ
M
(
|FA|2divX − 4
n∑
i,j=1
〈FA(∇eiX, ej), FA(ei, ej)〉
)
dVg = 0 (1.0.1)
for all smooth vector fields X which are compactly supported in M . Here {ei}i denotes an arbitrary fixed
orthonormal frame onM .
While all the main results in this paper hold true and are stated for general Riemannian manifolds, since
the results themselves are local, the base manifold geometry is unessential and mainly contributes to unnec-
essary technicalities. In order to better focus on addressing the key issues and carrying out the main ideas
in a clean manner, we may assume that A is a stationary connection of a Principal G-bundle defined on
B16(p) ⊆ Rn (often equipped with the Euclidean metric) and satisfies
´
B16(p)
|FA|2dVg ≤ Λ. Under this
simplification, let us adopt the following notation:
θA(x, r) = r
4−n
ˆ
Br(x)
|FA(x)|2dVg. (1.0.2)
It follows from [Pri83] that the stationarity equation (1.0.1) yields the following monotonicity formula:
θA(x, ρ)− θA(x, σ) = ρ4−n
ˆ
Bρ(p)
|FA|2dVg − σ4−n
ˆ
Bσ(p)
|FA|2dVg
=
ˆ
Aσ,ρ(0)
4|x− p|4−n|ι∂rpFA|2dVg.
(1.0.3)
Here Aσ,ρ(p) = Bρ(p)\Bσ(p), and ιvF = 〈v, F 〉. More generally, by [Tia00], given any function φ(θ) on
the unit sphere in Rn and ψ(x) = φ( x−p|x−p|), we have:
ρ4−n
ˆ
Bρ(p)
ψ|FA|2dVg − σ4−n
ˆ
Bσ(p)
ψ|FA|2dVg
=
ˆ
Aσ,ρ(p)
4|x− p|4−nψ|ι∂rpFA|2dVg −
ˆ ρ
σ
4τ3−n
( ˆ
Bτ (p)
|x− p|〈ι∂rpFA, ι∇ψFA〉dVg
)
dτ.
(1.0.4)
We now define
S(A) =
{
x : lim
r→0
θA(x, r) 6= 0
}
. (1.0.5)
Fix any x∗ ∈ S(A), and any positive real number sequence ri → 0, one could consider the rescaled
sequence given by Ai(x) = r
−1
i A(ri(x − x∗) + x∗). Due to the monotonicity formula (1.0.3), |FAi |2dV
weak-∗ subconverges as measures to some Radon measure µ of Rn, the tangent plane at x∗. Here, µ is called
a tangent measure ofA at x∗. It is also easily seen from the monotonicity formula (1.0.3) that r
4−nµ(Br(0))
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is nonzero, finite, and constant in r. For its proof, we refer the readers to Lemma 3.2.1 and Lemma 5.3.1,
[Tia00]. Now we present the following:
Definition 1.2. Let µ be a Radon measure of Rn satisfying r4−nµ(Br(0)) ≡ C ∈ [0,∞). For any 0 ≤
k ≤ n, µ is said to be k-symmetric if there exists a k-dimensional subspace of Rn denoted by Vk, such that
T ∗v µ = µ for all v ∈ Vk. Here Tv denotes the translation map Rn → Rn, x 7→ x + v, and T ∗v denotes the
pull back operator under Tv.
Remark 1.1. By preceding discussions, every tangent measure of A is 0-symmetric.
Definition 1.3. For k = 0, · · · , n−1, define Sk(A) = {x : no tangent measure at x is (k + 1)-symmetric}.
This is the classical stratification of S(A). Using the standard Federer dimension reduction principle
it is not hard to show that dim(Sk(A)) ≤ k (here and throughout the paper, “dim” denotes the Haus-
dorff dimension). However, little was known about the rectifiability of Sk(A). In this paper, one of our
main results is the k-rectifiability of Sk(A). This requires studying the quantitative stratification Skǫ (A)
and Skǫ,r(A). Roughly speaking, S
k
ǫ (A) is the set of points at which no tangent measure is “ǫ-close to
being (k + 1)-symmetric”, and heuristically Skǫ,r(A) could be thought of as the r-tubular neighborhood
of Skǫ (A). Our main results also include the Minkowski volume estimates Vol(Br(S
k
ǫ (A)) ∩ B1(p)) ≤
C(n,Λ, ǫ)rn−k,Vol(Br(S
k,r
ǫ (A)) ∩ B1(p)) ≤ C(n,Λ, ǫ)rn−k. To introduce the definitions of quantitative
stratification requires the notion of quantitative symmetry.
1.1. Quantitative symmetry. Let us begin by defining “effectively span”:
Definition 1.4 (Effectively span). For fixed τ > 0, we say that a k-plane Vk is τr-effectively spanned by
k + 1 points x0, · · · , xk with respect to Br(x), if x0, · · · , xk ∈ Br/2(x) and dist(xi+1, x0 + span{x1 −
x0, · · · , xi − x0}) ≥ τr for i = 0, · · · , k − 1, where dist(·, ·) stands for the Euclidean distance.
Remark 1.2. From now on, let us fix τ ≡ τ(n) for some constant τ(n) > 0. The explicit choice of τ(n)
will be specified in Section 4.
Remark 1.3. The notion of effectively span also appears in [Lin99], [Tia00], and [NV17].
In addition, we need the following notion of “almost cone tip”:
Definition 1.5 (Almost cone tip). Fix arbitrary B2r(x0) ⊆ B16(p).
(1) x0 is called an (ǫ, r)-cone tip of A, if |θA(x0, 2r)− θA(x0, 2ǫr)| ≤ ǫ.
(2) x0 is called a strict r-cone tip of A, if θA(x0, s) is constant in s, for 0 < s ≤ 2r.
Remark 1.4. By (1.0.3), x is an r-cone tip of A if and only if
ι∂rxFA(y) = 0, for all y ∈ Br(x). (1.1.1)
Moreover, if A is smooth, (1.1.1) implies that A is gauge equivalent to a radially invariant connection in
Br(x).
Now we can present the definition of quantitative symmetry:
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Definition 1.6 (Quantitative symmetry). Fix arbitrary B2r(x) ⊆ B16(p).
(1) A is said to be k-symmetric in Br(x), if there is a k-plane Vk with Vk ∩ Br/10(x) 6= ∅, such that every
y ∈ Vk ∩Br(x) is a strict r-cone tip of A.
(2) A is said to be (k, ǫ)-symmetric in Br(x), if there is a k-plane Vk with Vk ∩Br/10(x) 6= ∅, such that Vk
is τ(n)r-effectively spanned by x0, x1, · · · , xk with respect to Br(x), and that xi is an (ǫ, r)-cone tip of A,
for all i = 0, · · · , k.
Remark 1.5. By (1.0.3), A is k-symmetric in Br(x) if and only if:
There exists a k-dimensional plane Vk (with Vk ∩Br/10(x) 6= ∅) spanned by orthonormal vector fields
ν1, · · · , νk such that ινiFA(z) ≡ 0, ι∂rxFA(z) ≡ 0, for all z ∈ Br(x).
(1.1.2)
Indeed, let us choose x1 · · · , xk ∈ ∂Br/2(x) ∩ Vk such that νi = νi = xi−x|xi−x| for each i = 1, · · · , k. Then
the above equivalence follows from the monotonicity formula (1.0.3) and the following elementary identity:
d(x, z)∂rx − d(x0, xi)νi = d(xi, z)∂rxi , for all z ∈ Br(x). (1.1.3)
Moreover, if A is smooth, (1.1.2) implies that A is gauge equivalent to a connection which only depends
on n − k variables and is radial invariant in Br(x). That is to say, up to a smooth gauge transformation, A
could be identified with a connection defined on the sphere Sn−k−1.
Next, consider a sequence of stationary connections {Ai}i with
´
B16(p)
|FAi |2dV ≤ Λ. As Radon
measures, |FAi |2dV subconverges to some Radon measure µ in the weak-∗ sense. Define θµ(x, r) =
r4−nµ(Br(x)). Then by replicating Definition 1.5 and Definition 1.6, we have:
Definition 1.7 (Almost cone tip). Let µ be a Radon measure obtained as in the preceding paragraph. Fix
arbitrary B2r(x0) ⊆ B16(p).
(1) x0 is called an (ǫ, r)-cone tip of µ, if |θµ(x0, 2r)− θµ(x0, 2ǫr)| ≤ ǫ.
(2) x0 is called a strict r-cone tip of µ, if θµ(x0, s) is constant in s, for 0 < s ≤ 2r.
Definition 1.8 (Quantitative symmetry). Let µ be a Radon measure in Definition 1.7. Fix arbitraryB2r(x) ⊆
B16(p).
(1) µ is said to be k-symmetric in Br(x), if there is a k-plane Vk with Vk ∩ Br/10(x) 6= ∅, such that every
y ∈ Vk ∩Br(x) is a strict r-cone tip of µ.
(2) µ is said to be (k, ǫ)-symmetric in Br(x), if there is a k-plane Vk with Vk ∩Br/10(x) 6= ∅, such that Vk
is τ(n)r-effectively spanned by x0, x1, · · · , xk with respect to Br(x), and that xi is an (ǫ, r)-cone tip of µ,
for all i = 0, · · · , k.
For tangent measures of stationary connections, (1) of Definition 1.8 is equivalent to Definition 1.2. More
precisely, we have the following claim:
Claim 1.1. Let µ be a tangent measure of a stationary connection A at point p. Then µ is k-symmetric in
B1(0) ⊆ TpM in the sense of Definition 1.8, if and only if µ is k-symmetric in the sense of Definition 1.2.
The proof of Claim 1.1 will be given in Appendix A.
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1.2. Quantitative stratification. Following [NV17], and using Definition 1.6, we introduce the following
definitions:
Definition 1.9 (Quantitative stratification).
(1) For each ǫ > 0 and r < 1, we define
Skǫ,r(A) =
{
y ∈ B1(p) : A is not (k + 1, ǫ)-symmetric in Bs(y), for all r ≤ s ≤ 1
}
.
(2) For each ǫ > 0, we define
Skǫ (A) =
⋂
r>0
Skǫ,r(A) ≡
{
y ∈ B1(p) : no tangent measure at y is (k + 1, ǫ)-symmetric
}
.
(3) For each k, we define
Sk(A) =:
⋃
ǫ>0
Skǫ (A) =
{
y ∈ B1(p) : no tangent measure at y is k + 1-symmetric
}
.
Remark 1.6. By Claim 1.1, (3) of Definition 1.9 is equivalent to Definition 1.3.
Remark 1.7. Similarly, by using Definition 1.8 one could make the definition of Sk(µ), Skǫ (µ), and S
k
ǫ,r(µ)
for a Radon measure µ obtained as in the paragraph preceding Definition 1.7.
Remark 1.8. The quantitative stratification was introduced and proved extremely useful for the first time in
[CN13a], where the authors obtained the Lp bounds on the Riemann curvature under certain Ricci curvature
assumptions, and achieved better regularity in the Einstein case. Later in [CN13b] they extended the idea
to the stationary harmonic maps and minimal currents. Since then, the idea has been used in [CHN13],
[CHN15], [CNV15], [FMS15], [BL15] to prove similar results in the areas of mean curvature flow, harmonic
map flow, critical sets of elliptic equations, biharmonic maps, etc.
1.3. Main results. Let B16(p) ⊆Mn where Mn is a Riemannian manifold with metric g. Let KM be the
smallest number that the following hold:
|secB16(p)| ≤ K2M ,
injB16(p) ≥ K−1M .
Upon rescaling, we assume that KM ≤ 100−1. Now let us begin by stating our main theorem for the
quantitative stratification Skǫ,r(A):
Theorem 1.10. Let A be a stationary connection satisfying
´
B16(p)
|FA|2dVg ≤ Λ, then for each k and ǫ,
there exists C(n,Λ, ǫ) such that for all r > 0 we have:
Vol(Br(S
k
ǫ,r(A)) ∩B1(p)) ≤ C(n,Λ, ǫ)rn−k. (1.3.1)
When we study the stratum Skǫ , we can refine the above to obtain structure results on the set itself. For
the definition of k-rectifiability, we refer the readers to [Mat95].
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Theorem 1.11. Let A be a stationary connection satisfying
´
B16(p)
|FA|2dVg ≤ Λ, then for each k and ǫ
there exists C(n,Λ, ǫ) such that for all r > 0 we have:
Vol(Br(S
k
ǫ (A)) ∩B1(p)) ≤ C(n,Λ, ǫ)rn−k. (1.3.2)
In particular, we have Hk(Skǫ (A)) ≤ C(n,Λ, ǫ). Furthermore, Skǫ (A) is k-rectifiable, and for k-a.e. x ∈
Skǫ (A), there exists a unique k-plane Vk ⊆ TxM such that every tangent measure of A at x is k-symmetric
with respect to Vk.
Finally, we close this subsection by stating our main results when it comes to the classical stratification
Sk(A). The following theorem follows easily from the previous theorem in view of the formula Sk(A) =⋃
ǫ S
k
ǫ (A).
Theorem 1.12. Let A be a stationary connection satisfying
´
B16(p)
|FA|2dVg ≤ Λ, then Sk(A) is k-
rectifiable for each k, and for k-a.e. x ∈ Sk(A), there exists a unique k-plane Vk ⊆ TxM such that
every tangent measure of A at x is k-symmetric with respect to Vk.
We end this section by giving some further remarks on a few applications of these results. For conve-
nience denote by A(Λ) the class of connections considered in this paper which satisfy A ∈ L2loc(B16(p)),´
B16(p)
|FA|2 ≤ Λ, and the stationarity condition (1.0.1).
Note that instead of considering the classical singular set of A
Sing(A) = {x : there exists a neighborhood of x in which A is regular}, (1.3.3)
the entire paper is devoted to studying S(A) = {x : limr→0 θA(x, r) 6= 0}. While it is unlikely that Sing(A)
agrees with S(A) for a general A ∈ A(Λ), one can prove Sing(A) = S(A) by imposing further regularity
assumptions to restrict to a subclass of A(Λ). For instance, in [TT04] the authors added the additional
assumptions that A being admissible Yang-Mills, and proved the following ǫ-regularity theorem:
Theorem 1.13 ([TT04]). Let A be an admissible stationary Yang-Mills connection with
´
B2(p)
|FA|2 ≤ Λ.
Then there exists ǫ ≤ ǫ(n,Λ), for all x ∈ B1(p), r ≤ 2, if θA(x, r) ≤ ǫ, then A is smooth in Br/2(x).
It is an immediate consequence of this theorem that Sing(A) = S(A). Very recently, the authors of
[PR17] proved a similar ǫ-regularity theorem for a different subclass of A(Λ); see Definition 1.7 and Theo-
rem 1.16 of [PR17]. Therefore, by applying Theorem 1.12 to the connections A considered in [TT04] and
[PR17], we immediately obtain the rectifiability results about their classical singular sets Sing(A).
1.4. Quantitative stratification of stationary harmonic maps. In the earlier pioneering work [NV17],
the authors studied the quantitative stratifications of stationary harmonic maps. They first defined the quan-
titative symmetry of maps. Using this they defined the quantitative stratification Skǫ,r(f) of any stationary
harmonic map f . Their main results include the Minkowski volume estimates Vol(Br(S
k
ǫ,r(f)) ∩B1(p)) ≤
C(n,Λ, ǫ)rn−k, Vol(Br(S
k
ǫ (f))∩B1(p)) ≤ C(n,Λ, ǫ)rn−k as well as the rectifiability of Skǫ (f) and Sk(f);
see Theorems 1.3, 1.4 and 1.5 of [NV17].
This paper is originally motivated by [NV17], with the intention of proving results similar to Theorems
1.3, 1.4 and 1.5 of [NV17] in the setting of stationary connections.
Therefore, there are many similar aspects shared by [NV17] and this paper, which include the important
role of a monotone quantity, the same type of problems (see Subsection 1.4), as well as the main technical
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tools used in tackling the problems, i.e. the rectifiable-Reifenberg theorem (see Section 2) and the L2-best
approximation theorem (see Section 3). However, this paper sees new difficulties.
1.5. New difficulties. In this subsection, we first point out the difficulties in generalizing the quantitative
stratification theory from the context of stationary harmonic maps in [NV17] to the current context of sta-
tionary connections. Then we explain the key ideas introduced in this work that overcome them and further
strengthens [NV17].
The first real challenge lies in extending the notion of quantitative symmetry to the context of stationary
connections, in order to produce a satisfying quantitative stratification theory. Indeed, one could naturally
come up with a definition similar to Definition 1.1 of [NV17] in the context of stationary connections, as
shown below:
Definition 1.14 (An analogue of Definition 1.1 of [NV17]). A is (k, ǫ)-symmetric in Br(x) if there exists a
gauge transformation σ defined on Br(x) and a k-symmetric L
2-connection A˜ such that
r2−n
ˆ
Br(x)
|σ∗A− A˜|2 ≤ ǫ. (1.5.1)
Here, the connection forms σ∗A and A˜ play the roles of the maps f and f˜ in Definition 1.1 of [NV17]
respectively. This correspondence could be explained by a well known heuristic that the connection A acts
like an antiderivative of the curvature FA.
However, if we work with Definition 1.14 we will face extra technical issues such as lacking Uhlenbeck
compactness. This will be highly problematic in arguing by contradiction which is common in the paper.
For example, in such arguments it will often be the case that we consider a sequence of connections Ai
being (k, ǫi)-symmetric with ǫi → 0, which also violates the desired conclusion. From {Ai}i we hope
to extract a subsequence (via “compactness”) that nicely converges to some strict k-symmetric connection
which is supposed to satisfy the desired conclusion. Thus, upon passing to the limit a contradiction occurs.
Unfortunately, if we do not impose a strong enough Sobolev control (or other possible regularity assump-
tions) on A, our only assumption |FA| ∈ L2loc would be too weak to enforce an Uhlenbeck compactness, and
the proposed contradiction arguments break down. For detailed discussions on the Uhlenbeck compactness,
please see Chapters 6, 9, and 10 of [Weh04]; see also [Uhl82a] and [Uhl82b].
In order to avoid the issues stated above, we make Definition 1.6 instead of directly generalizing Def-
inition 1.1 of [NV17]. The benefits from the new definition are significant. Firstly, since the curvature
FA is used in place of the connection form, the notion of (k, ǫ)-symmetry is gauge invariant. As a matter
of fact, we are saved using the gauge transformations throughout this paper. Secondly, instead of Uhlen-
beck compactness, the weak-∗ compactness of positive Radon measures with uniformly bounded variations
now becomes sufficient. Thirdly, from the quantitative stratification theoretical viewpoint, this definition
is adapted to various geometric contexts, such as harmonic maps, mean curvature flows, minimal currents,
etc. Indeed, to generalize Definition 1.6 to a different context, one only needs to replace θA(x, r) by the
monotone quantity in that context. For future convenience, let us refer to the quantitative symmetry defined
in this way as “θ-type” (here “θ” stands for the monotone quantity). Correspondingly, refer to Definition 1.1
of [NV17], Definition 1.5.1, etc., as “L2-type”. In addition, denote by Skδ,r,θ (resp. S
k
δ,r,L2) the quantitative
stratifications defined by θ-type (resp. L2-type) quantitative symmetry.
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Despite the positive aspects listed above, a new trouble is introduced. Roughly speaking, θ-type is a
stronger notion than L2-type. While this is only a heuristic for connections (rigidifying it would require
more regularity assumptions on A), it could be made rigorous in the context of stationary harmonic maps:
let f be a stationary harmonic map between Riemannian manifolds M and N with
´
M |∇f |2dVg ≤ Λ. For
the sake of convenience, we assume thatM = B16(p) equipped with Euclidean metric. It is well known that
θf (x, r) = r
2−n
´
Br(x)
|∇f |2dV satisfies a monotonicity formula (e.g. see [Lin99], [NV17], etc,), which
allows us to define the θ-type quantitative symmetry of f . The heuristic that θ-type being stronger than
L2-type could now be made rigorous in the context of stationary maps as follows:
Claim 1.2. For all ǫ > 0 and k = 0, · · · , n, there exists δ(n, ǫ,Λ) such that if f is θ-type (k, δ)-symmetric
in Br(x), then f is L
2-type (k, ǫ)-symmetric in Br(x). In addition, S
k
ǫ,r,L2(f) ⊆ Skδ,r,θ(f).
By using Poincare´ inequality it is not hard to check the above claim, and we omit the details. However it
is worth noting that the two types of definitions are equivalent in the case of minimizing harmonic maps due
to its sequential compactness; see [Sim96] and [SU82]. On the other hand, by following exactly the same
lines of proofs in this paper, we can prove:
Theorem 1.15. Consider a stationary harmonic map f : B16(p) ⊆ M → N with
´
B16(p)
|∇f |2 ≤
Λ, then for all ǫ > 0, k = 0, · · · , n − 1 there exists C(M,N,Λ, ǫ) such that Vol(Br(Skǫ,r,θ(f))) ≤
C(M,N,Λ, ǫ)rn−k.
Remark 1.9. From Claim 1.2, we see Theorem 1.15 strengthens the conclusion of Theorem 1.3 of [NV17].
Meanwhile, this causes new technical difficulties; more detailed discussions on this will be given in the next
subsection as well as Section 3.
1.6. Outline of the proof of Theorems 1.10, 1.11, and 1.12. Recall our main task is to obtain both the vol-
ume estimates of Vol(Br(S
k
ǫ,r)) and the rectifiability of S
k
ǫ . For these purposes we shall apply the rectifiable-
Reifenberg theorem, an original and difficult work established in [NV17], as well as an L2-best approxi-
mation theorem, which allows us to apply the rectifiable-Reifenberg theorem. Now let us elaborate them in
details. Roughly speaking, the rectifiable-Reifenberg theorem allows one to obtain the Hk-measure control
together with the k-rectifiability of a set S, by assuming forHk-a.e. x ∈ S, the scaling invariant L2-distance
between S ∩Br(x) and Lk ∩Br(x) (for some k-plane Lk) is summable over all dyadic scales r = 2−α, and
the sum itself, as a function on S, is small in the Hk|S-integral average sense. More precisely, let us first
defineDkS(x, r) = infLk⊆Rn r
−(k+2)
´
Br(x)
d2(y, Lk)dHkS(y). The rectifiable-Reifenberg theorem says that
if we know ˆ
S∩Br(x)
(ˆ r
0
Dk
HkS
(y, s)
ds
s
)
dHk(y) ≤ δ(n)2rk, (1.6.1)
for some small δ(n) and all Br(x) ⊆ B2(p), then we have Hk(S ∩ Br(x)) ≤ (1 + ǫ)ωkrk for all x ∈
S ∩ B1(p), and further S ∩ B1(p) is k-rectifiable; see Theorem 2.2. The authors of [NV17] also proves a
discrete version of rectifiable-Reifenberg which applies to discrete Dirac measures µ =
∑
j r
k
j δxj , which
says if one knows ∑
α∈N+,2−α≤2r
ˆ
Br(x)
Dkµ(y, 2
−α)dµ(y) ≤ δ2rk. (1.6.2)
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then
∑
j r
k
j ≤ D(n); see Theorem 2.3. Clearly, in order to achieve the Minkowski volume estimates by
using Theorems 2.2 and 2.3, we need to verify that (1.6.1) and (1.6.2) hold for the quantitative stratifications
Skǫ , S
k
ǫ,r on all balls. In reality the procedure is subtler than what is said here, since we will actually build
inductive covers of the quantitative stratifications and apply the discrete rectifiable-Reifenberg theorem to
the discrete Dirac measures associated to these covers at each stage in order to keep track of the volume
estimates. But for now let us focus on how to control Dkµ(y, s) in order to apply Theorems 2.2, 2.3, instead
of being concerned about the details of the inductive coverings. In Section 3, we will prove the so called
L2-best approximation theorem (an analogue of Theorem 7.1 of [NV17]) that estimates for us the quantity
Dkµ(y, s), where µ is a discrete Dirac measure whose support is contained in the target set S
k
ǫ,r. Vaguely
speaking, the L2-best approximation theorem characterizes how well the support of µ can be approximated
by a k-plane in the L2-sense, by using the properties of the connection A. More precisely, if A is (0, δ)-
symmetric in B8r(p) but not (k + 1, ǫ)-symmetric in Br(p), then the L
2-best approximation theorem tells
us for all finite measure µ the following holds:
Dkµ(p, r) =r
−2−k inf
Lk
ˆ
Br(p)
d2(x,Lk)dµ(x)
≤C(n,Λ, ǫ)r−k
ˆ
Br(p)
|θA(x, 8r)− θA(x, ǫ1r)|dVg(z)
+ C(n,Λ, ǫ)r2−n−k
ˆ
Br(p)
ˆ
Bǫ1r(x)
|ιx−zFA|2(z)dVg(z)dµ(x).
(1.6.3)
where ǫ1 could be an arbitrary constant for now, but will be specified later (in Section 4) such that ǫ1 <
ǫ1(n,Λ, ǫ) for some sufficiently small ǫ1(n,Λ, ǫ). In view of Definition 1.5, the L
2-best approximation
theorem quantitatively generalizes the phenomenon that “when a cone is not close to being k+1 symmetric,
then all of its cone tips locate close to some k-dimensional plane” (see Remark 3.1). Further we point out
that as a trade-off to adopting the stronger definition of quantitative symmetry, an extra second term appears
on the right hand side of (1.6.3) compared to (7.2) of [NV17]. For the reason why the extra term persists,
see Remark 3.2. To illustrate how we obtain the quantitative stratification estimates, let us consider the
following set as an easy example
S˜kǫ,r = {x ∈ Skǫ,r ∩B1(p) : sup
y∈Br(x)
θA(y, ηr) > E − η}. (1.6.4)
where E = supy∈B1(p) θA(y, 1). Choose a Vitali cover of S˜
k
ǫ,r by {B5r(xi)}i with θA(xi, ηr) > E − η,
and then set µ =
∑
i r
kδxi . We will now estimate Vol(Br(S˜
k
ǫ,r)) by applying Theorems 3.1 and 2.2 to the
measure µ. Before we start let us remark that the estimate of Vol(Br(S
k
ǫ,r)) follows very similar strategy,
though the proof is more complicated involving a partition technique for a cover and an inductive covering
construction. For the purposes of our outline, in this subsection we simply carry out the estimate for S˜kǫ,r.
For simplicity sake let us set |θA(x, 8r)− θA(x, ǫ1r)| = Wr(x) (for some small ǫ1 to be determined later in
the proof). We shall prove (inductively on α) that µ(Bs(x)) ≤ D(n)sk holds on all Bs(x) with s ≤ 2−α.
The beginning stage (i.e. 2−α∗ = r) is trivial by the Vitali cover property. Next, assume this holds for all
scales s below 2−α0 for some α0. We need to show it also holds for α0− 1. On the one hand, in view of the
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discrete rectifiable-Reifenberg, this immediately follows if we could show
s−k
∑
2−α≤2s
ˆ
Bs(x)
Dkµ(y, 2
−α)dµ(y) ≤ δ(n)2, for all s ≤ 2−α0+2. (1.6.5)
On the other hand, by applying the L2-best approximation theorem with r = 2−α for each 2−α ≤ 2s, taking
sum of (3.2.1) over all such αs, and then integrating, one has
s−k
∑
2−α≤2s
ˆ
Bs(x)
Dkµ(y, 2
−α)dµ(y) ≤ W + E , (1.6.6)
where
W = Cs−k
ˆ
Bs(x)
∑
2−α≤s
W2−α(z)dµ(z),
E = Cs−k
ˆ
Bs(x)
∑
2−α≤s
(2−α)2−n
ˆ
Bǫ12−α
(z)
|ιz−xFA(y)|2dVg(y)dµ(z).
(1.6.7)
In obtaining (1.6.6), we have used the inductive assumption that µ(Bs(x)) ≤ D(n)sk for all x ∈ B1(p)
and s ≤ 2−α0 , in order to cancel out the 2−kα factors on the right hand side of (1.6.3) where we have set
r = 2−α for each 2−α ≤ 2s. Notice that E arises from the extra second term in (1.6.3). However, by
further exploiting the monotonicity formula (1.0.3) we show (in (4.0.4) of Section 4) that the extra second
term in (3.2.1) is actually summable (over dyadic scales), and further E could be made less than δ(n)2/2 by
choosing ǫ1 ≡ ǫ1(n,Λ, ǫ) to be small enough from the very beginning of the proof. In estimatingW , in the
authors of [NV17] made the key observation that the energy drop function W2−α(x) is summable over α.
Then, by the fact that θA(xi, ηr) > E − η we can makeW less than δ(n)2/2 by choosing η < η(n,Λ, ǫ).
We could now conclude (1.6.5) from Theorem 2.3, and hence finishes the induction. Finally, by taking
α = 0 and using the Vitali cover property, we obtain Vol(Br(S˜
k
ǫ,r)) ≤ C(n) for some C(n)≫ D(n).
To sum up, even though (1.6.3) is weaker than (7.2) of [NV17], the new error is summable and the sum
could be made so small that we could still achieve r−k
∑
2−α≤2r
´
Br(x)
Dkµ(y, 2
−α)dµ(y) ≤ δ(n)2 in order
to apply Theorem 2.3 to obtain the Minkowski volume estimates. This is the most crucial new point of this
paper.
2. RECTIFIABLE-REIFENBERG THEOREM
In this section, we will state the rectifiable-Reifenberg theorems proved in [NV17], a key tool that al-
lows us to obtain quantitative stratification estimates together with the rectifiability. Let us begin with the
following definition:
Definition 2.1. Let µ be a measure in B2 with r > 0 and k ∈ N. We define
Dkµ(x, r) = inf
Lk⊆Rn
r−(k+2)
ˆ
Br(x)
d2(y, Lk)dµ(y)
when µ(Br(x)) ≥ ǫnrk ≡ (1000n)−7n2rk and Dkµ(x, r) ≡ 0 otherwise, where the infimum is taken over
all k-dimensional affine subspaces Lk ⊆ Rn.
Remark 2.1. In literature Dkµ is usually referred to as Jone’s number β2.
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Theorem 2.2 (rectifiable-Reifenberg [NV17]). Let S ⊆ B2 ⊆ Rn be aHk-measurable set. Set µS =: Hk|S .
If for all ǫ > 0, there exists δ(n, ǫ), such that for all Br(x) ⊆ B2 withHk(S ∩Br(x)) ≥ ǫnrk the following
holds ˆ
S∩Br(x)
(ˆ r
0
DkµS (y, s)
ds
s
)
dHk(y) ≤ δ2rk, (2.0.1)
then the following hold
(1) for any Br(x) ⊆ B1 with x ∈ S,Hk(S ∩Br(x)) ≤ (1 + ǫ)ωkrk,
(2) S ∩B1 is k-rectifiable.
We also present a version of above theorem that is more discrete in nature:
Theorem 2.3 (Discrete rectifiable-Reifenberg [NV17]). Let {Brj (xj)}xj∈S be a collection of disjoint balls
and let µ =
∑
j r
k
j δxj be the associated measure. Then there exists δ(n) and D(n), such that if for all
Br(x) ⊆ B2 with µ(Br(x)) ≥ ǫnrk the following holds
∑
α∈N+,2−α≤2r
ˆ
Br(x)
Dkµ(y, 2
−α)dµ(y) ≤ δ2rk. (2.0.2)
then we have
∑
j r
k
j ≤ D(n).
3. L2-BEST APPROXIMATION THEOREM
In this section, we will prove Theorem 3.1, the L2-best approximation Theorem, the other key ingredient
for proving the main theorems. On the one hand, this is an analogue of Theorem 7.1 of [NV17], with the
same purposes of estimating the quantity Dkµ(x, r) in order to apply the rectifiable-Reifenberg theorems.
As a matter of fact, the structure of this section is similar to that of Section 7 of [NV17]. On the other
hand, as we have seen from the outline in Subsection 1.6, subtle differences lie in the estimates. This will be
discussed in more details throughout this section. From now on, let connection A be the same as in Theorem
1.10.
3.1. Energy decay function. For all x ∈ Skǫ,r(A) we introduce an energy decay function Wr(x) (similar
to that defined in (7.1) of [NV17]) as follows:
Wr(x) =: θA(x, 8r) − θA(x, ǫ1r), (3.1.1)
where ǫ1 ≡ ǫ1(n,Λ, ǫ) will be determined in the proof of the main theorem in the next section.
3.2. L2-best approximation theorem. The main result of this section is the following theorem (c.f. Theo-
rem 7.1 of [NV17]):
Theorem 3.1 (L2-best approximation theorem). Let A be a stationary connection withˆ
B16r(p)
|FA|2dVg ≤ Λ.
Then for all ǫ, there exists constants δ ≡ δ(n,Λ, ǫ) and C(n,Λ, ǫ), if KM ≤ δ(n,Λ, ǫ), and A is (0, δ)-
symmetric in B8r(p) but not (k + 1, ǫ)-symmetric in Br(p), then for all finite measure µ in Br(p) the
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following holds:
Dkµ(p, r) = r
−2−k inf
Lk
ˆ
Br(p)
d2(x,Lk)dµ(x)
≤ C(n,Λ, ǫ)r−k
ˆ
Br(p)
(
Wr(x) + r
2−n
ˆ
Bǫ1r(x)
|ιx−zFA|2(z)dVg(z)
)
dµ(x).
(3.2.1)
where the infimum is taken over all k-dimensional affine planes Lk ⊆ Rn.
Remark 3.1. When A is a strict cone, the L2-distance on the left hand side (3.2.1) could be improved as
follows:
Claim 3.1. If A is 0-symmetric in B8(p) but not (k + 1, ǫ)-symmetric in B1(p), then there exists a k-plane
V and ǫ1 < ǫ1(n,Λ, ǫ), such that for all λ > 0 we have
{x ∈ B1(p) : d(x, V )2 > ǫ−11 λ} ⊆ {x ∈ B1(p) : W1(x) > λ}. (3.2.2)
The proof uses the monotonicity formula (1.0.3) together with very elementary observations from Eu-
clidean geometry, and we omit the details.
3.3. Energy lower bound.
Lemma 3.2. Let all conditions be the same as in Theorem 3.1; then for all ǫ, there exists δ ≡ δ(n,Λ, ǫ)
such that ifKM ≤ δ(n,Λ, ǫ), and moreover A is (0, δ)-symmetric in B8r(p) but not (k+1, ǫ)-symmetric in
Br(p), then for any k+1 dimensional subspace V spanned by orthonormal basis ν1, · · · , νk+1 the following
holds:
k+1∑
i=1
ˆ
B4r(p)
|ινiFA|2(x)dVg(x) ≥ rn−4δ. (3.3.1)
Remark 3.2. This lemma is a counterpart of Lemma 7.2 of [NV17]. Nevertheless, in place of an estimate
similar to (7.3) of [NV17] which may look like
k+1∑
i=1
ˆ
A3r,4r(p)
|ινiFA|2(x)dVg(x) ≥ rn−4δ′, (3.3.2)
we achieve a weaker estimate (3.3.1), and this weaker estimate is exactly what leads to the extra second term
on the right hand side of (3.2.1). We now elucidate why this difference occurs. Firstly, let us point out that
the contradiction argument used in the proof of Lemma 7.2 of [NV17] does not carry over if the quantitative
symmetry is θ-type instead. This is because while L2-type quantitative symmetry is preserved under the
L2 ∩H1weak convergence, θ-type is not. Next, it is not hard to check that strengthening (3.3.1) to (3.3.2) is
equivalent to proving the following proposition (for the readers’ convenience we state it for both stationary
connections and stationary maps):
Proposition 3.3. Let A (resp. f ) be a stationary connection (resp. map) with
´
B16(p)
|FA|2 < Λ (resp.´
B16(p)
|∇f |2 < Λ). Then for all δ′, there exists δ, such that if A (resp. f ) is θ-type (0, δ)-symmetric in
B8r(p) and
k+1∑
i=1
ˆ
A3r,4r(p)
|ινiFA|2(x)dVg(x) ≤ rn−4δ, (resp.
k+1∑
i=1
ˆ
A3r,4r(p)
|∇νif |2(x)dVg(x) ≤ rn−4δ, )
QUANTITATIVE STRATIFICATION OF STATIONARY CONNECTIONS 13
then
k+1∑
i=1
ˆ
B4r(p)
|ινiFA|2(x)dVg(x) ≤ rn−4δ′, (resp.
k+1∑
i=1
ˆ
B4r(p)
|∇νif |2(x)dVg(x) ≤ rn−4δ.)
While we can prove this proposition under the extra assumption of A being a smooth Yang-Mills con-
nection (resp. f being a smooth harmonic map), it is not known whether it holds for the general stationary
connections (resp. stationary maps) possibly having singularities; indeed, enough regularity (e.g. at most
codim-5 (resp. codim-3) singularities) appears necessary in the proof. In our current situation in which
|FA| ∈ L2 (resp. f ∈ W 1,2) is the only regularity we have, (3.3.1) is by far the best estimate we are able to
obtain.
Proof of Lemma 3.2. Throughout the proof, for convenience we will fix r = 1 and p = 0n ∈ Rn. Let
δ ≡ δ(n, ǫ,Λ) be a small number and will be specified later. To conclude the lemma, we shall prove the
contraposition of Lemma 3.2. Namely, our goal is to show that if A is (0, δ)-symmetric in B8(0), and for
some k+1 subspace through p spanned by an orthonormal basis given by {∂zi}k+1i=1 , such that the following
holds:
k+1∑
i=1
ˆ
B4(0)
|ι∂ziFA|2(x)dVg(x) < δ. (3.3.3)
Then A is (k + 1, ǫ)-symmetric in B1(0). This proves such choice of δ suffices to conclude lemma 3.2.
Moreover, by the condition that A is (0, δ)-symmetric in B8(0), for convenience let us assume w.l.o.g. that
84−n
ˆ
B8(0)
|FA|2dVg − (8δ)4−n
ˆ
B8δ(0)
|FA|2dVg ≤ δ. (3.3.4)
Let ξ(x) be a smooth function that equals to 1 on B1(0) and equals to 0 outside B1+a(0), where a ≡
a(n,Λ, ǫ) will be determined later. By choosing a nicely behaving ξ we could assume that |∇ξ| ≤ 2a−1.
Fix any i0 ∈ {1, · · · , k + 1}. Let us denote by ei0 the point on the i0th axis with |ei0 | = 1. For all s ≤ 2
and τ ∈ [0, 1] we set
Xτ,s(x) =: ξ(
x+ τei0
s
)∂zi0 .
Obviously for the prescribed choices of s and τ , the vector fieldXτ,s(x) is smooth and compactly supported
in B16(0). Let us inserting Xτ,s into the stationarity equation (1.0.1) to obtainˆ
B16(0)
(
|FA|2divXτ,s − 4
n∑
l,j=1
〈FA(∇∂zlXτ,s, ∂zj), FA(∂zl, ∂zj)〉
)
dVg = 0. (3.3.5)
where ∂z1, · · · , ∂zn forms an orthonormal basis on Rn. Next, we compute
divXτ,s =
∂
∂zi0
[ξ(
x+ τei0
s
)]
=
d
dτ
[ξ(
x+ τei0
s
)],
(3.3.6)
∇∂zlXτ,s = ∇∂zl [ξ(
x+ τei0
s
)∂zi0 ]
= s−1
∂ξ
∂zl
(
x+ τei0
s
)∂zi0 .
(3.3.7)
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Insert (3.3.6) and (3.3.7) into (3.3.5), we obtain
d
dτ
(ˆ
B(1+a)s(−τei0 )
|FA|2ξ(x+ τei0
s
)dVg
)
=4
n∑
l,j=1
ˆ
B(1+a)s(−τei0 )
s−1
∂ξ
∂zl
〈FA(∂zi0 , ∂zj), FA(∂zl, ∂zj)〉dVg ;
(3.3.8)
applying Cauchy-Schwarz inequality to the right hand side of (3.3.8), we have the estimate
∣∣∣∣ ddτ
(ˆ
B(1+a)s(−τei0 )
|FA|2ξ(x+ τei0
s
)dVg
)∣∣∣∣
≤C(sa)−1
(ˆ
B(1+a)s(−τei0 )
|ι∂zi0FA|2dVg
)1/2(ˆ
B(1+a)s(−τei0 )
|FA|2dVg
)1/2
≤C(sa)−1
√
Λ(
ˆ
B4(0)
|ι∂zi0FA|2dVg)1/2
≤C(sa)−1
√
Λδ.
(3.3.9)
In (3.3.9), let us take s to be 2 and ǫ1+a respectively and then integrate from 0 to
1
2 with respect to dτ . Using
the fundamental theorem of calculus, we have
∣∣∣∣24−n
ˆ
B2(1+a)(−
1
2
ei0 )
|FA|2ξ(
x+ 12ei0
2
)dVg − 24−n
ˆ
B2(1+a)(0)
|FA|2ξ(x
2
)dVg
∣∣∣∣ ≤ C(n,Λ)a−1
√
δ,(3.3.10)
∣∣∣∣ǫ4−n
ˆ
Bǫ(−
1
2
ei0 )
|FA|2ξ(1 + a
ǫ
(x+
1
2
ei0))dVg − ǫ4−n
ˆ
Bǫ(0)
|FA|2ξ(1 + a
ǫ
x)dVg
∣∣∣∣ ≤ C(n,Λ, ǫ)a−1
√
δ.(3.3.11)
On the other hand, by choosing δ ≤ ǫ100 and using the fact that ξ(x) equals to 1 on B1(0) and equals to 0
outside B1+a(0), we have
(2(1 + a))4−n
ˆ
B2(1+a)(0)
|FA|2ξ(x
2
)dVg ≤ 84−n
ˆ
B8(0)
|FA|2dVg,
(
ǫ
1 + a
)4−n
ˆ
Bǫ(0)
|FA|2ξ(1 + a
ǫ
x)dVg ≥ (8δ)4−n
ˆ
B8δ(0)
|FA|2dVg,
24−n
ˆ
B2(1+a)(−
1
2
ei0 )
|FA|2ξ(
x+ 12ei0
2
)dVg ≥ 24−n
ˆ
B2(−
1
2
ei0)
|FA|2dVg,
ǫ4−n
ˆ
Bǫ(−
1
2
ei0 )
|FA|2ξ(1 + a
ǫ
(x+
1
2
ei0))dVg ≤ ǫ4−n
ˆ
Bǫ(−
1
2
ei0)
|FA|2dVg.
(3.3.12)
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Using the third and fourth inequality in (3.3.12), we obtain
24−n
ˆ
B2(−
1
2
ei0)
|FA|2dVg − ǫ4−n
ˆ
Bǫ(−
1
2
ei0)
|FA|2dVg
≤24−n
ˆ
B2(1+a)(−
1
2
ei0 )
|FA|2ξ(
x+ 12ei0
2
)dVg − ǫ4−n
ˆ
Bǫ(−
1
2
ei0 )
|FA|2ξ(1 + a
ǫ
(x+
1
2
ei0))dVg
≤
∣∣∣∣24−n
ˆ
B2(1+a)(−
1
2
ei0 )
|FA|2ξ(
x+ 12ei0
2
)dVg − 24−n
ˆ
B2(1+a)(0)
|FA|2ξ(x
2
)dVg
∣∣∣∣
+
∣∣∣∣ǫ4−n
ˆ
Bǫ(−
1
2
ei0 )
|FA|2ξ(1 + a
ǫ
(x+
1
2
ei0))dVg − ǫ4−n
ˆ
Bǫ(0)
|FA|2ξ(1 + a
ǫ
x)dVg
∣∣∣∣
+
∣∣∣∣24−n
ˆ
B2(1+a)(0)
|FA|2ξ(x
2
)dVg − ǫ4−n
ˆ
Bǫ(0)
|FA|2ξ(1 + a
ǫ
x)dVg
∣∣∣∣
=I + II + III.
(3.3.13)
Using (3.3.10) and (3.3.11), we have
I + II ≤ C ′(n, ǫ,Λ)a−1
√
δ. (3.3.14)
We then use triangle inequality to estimate III trivially as follows:
III ≤
∣∣∣∣24−n
ˆ
B2(1+a)(0)
|FA|2ξ(x
2
)dVg − (2(1 + a))4−n
ˆ
B2(1+a)(0)
|FA|2ξ(x
2
)dVg
∣∣∣∣
+
∣∣∣∣(2(1 + a))4−n
ˆ
B2(1+a)(0)
|FA|2ξ(x
2
)dVg − ( ǫ
1 + a
)4−n
ˆ
Bǫ(0)
|FA|2ξ(1 + a
ǫ
x)dVg
∣∣∣∣
+
∣∣∣∣( ǫ1 + a)4−n
ˆ
Bǫ(0)
|FA|2ξ(1 + a
ǫ
x)dVg − ǫ4−n
ˆ
Bǫ(0)
|FA|2ξ(1 + a
ǫ
x)dVg
∣∣∣∣
= IV + V + V I.
(3.3.15)
Clearly,
IV + V I ≤ C(n)Λ
(
|(1 + a)n−4 − 1|+ |(1 + a)4−n − 1|
)
. (3.3.16)
By (3.3.4) we obtain:
V ≤ 84−n
ˆ
B8(0)
|FA|2dVg − (8δ)4−n
ˆ
B8δ(0)
|FA|2dVg ≤ δ. (3.3.17)
Firstly, by (3.3.16) we could choose a(n,Λ, ǫ) to be so small that IV + V I ≤ ǫ/3, and then by (3.3.14)
and (3.3.17) let us choose δ(n,Λ, ǫ, a) to be so small that I + II + V ≤ ǫ/3; therefore the left hand side
of (3.3.13) less than ǫ. Now that i0 is arbitrarily chosen from 1, · · · , k + 1, we have actually proved that
0,−12e1, · · · ,−12ek+1 are all (ǫ, 1)-cone tips of A; further, they 12 -effectively (and hence τ(n)-effectively)
span a k + 1-plane with respect to B1(0). By definition B1(0) is (k + 1, ǫ)-symmetric. This completes the
proof of lemma 3.2. 
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3.4. Proof of Theorem 3.1.
Proof of Theorem 3.1. The proof basically follows Subsection 7.2 of [NV17]. For convenience we assume
w.l.o.g. that r = 1. In addition, up to normalization we assume that µ is a probability measure on B1(p).
Consider the linear transformation on Rn defined as follows:
T : Rn −→ Rn,
v 7→
ˆ
B(p,1)
〈x, v〉xdµ(x).
Clearly, this is a symmetric linear transformation and hence is diagonalizable. Let its (ordered) eigenvalues
be λ1 ≥ λ2 ≥ · · · ≥ λn, and the corresponding eigenvectors be ν1, ν2, · · · , νn. Using Lagrange multiplier
method one could show
inf
Ll⊆Rn
ˆ
B(p,1)
d2(x,Ll)dµ(x) = λl+1 + · · ·+ λn ≤ (n− l)λl+1, (3.4.1)
for any l = 1, 2, · · · , n− 1; here the infimum is taken over all l-dimensional affine subspaces. For the proof
of (3.4.1), see Lemma 7.5 of [NV17]. Therefore, to obtain the inequality (3.2.1) it suffices to estimate λk+1.
For convenience we assume from now on that p = 0 and the center of µ-mass is 0, i.e.
´
B1(0)
xdµ(x) = 0.
Note for all j = 1, · · · , n we have
λjνj =
ˆ
B1(0)
〈x, νj〉xdµ(x).
Hence, for all z ∈ B4(0) one has
λjνj =
ˆ
B1(0)
〈x, νj〉(x− z)dµ(x).
Now we apply the linear transformation ν 7→ ινFA(z) to both sides of above identity to obtain:
λjινjFA(z) =
ˆ
B1(0)
〈x, νj〉ιx−zFA(z)dµ(x). (3.4.2)
Applying Cauchy-Schwarz inequality to the right hand side of (3.4.2) and then taking absolute values on
both sides, we obtain
|λjινjFA(z)| ≤
( ˆ
B1(0)
〈x, νj〉2dµ(x)
)1/2(|ιx−zFA(z)|2dµ(x))1/2. (3.4.3)
Notice ˆ
B1(0)
〈x, νj〉2dµ(x) = λj . (3.4.4)
Upon inserting (3.4.4) into (3.4.3) we have
λ2j |ινjFA(z)|2 ≤ λj
ˆ
B1(0)
|ιx−zFA(z)|2dµ(x).
Now let us integrate the above identity with respect to the volume form dVg on B4(0) to obtain
λj
ˆ
B4(0)
|ινjFA|2(z)dVg(z) ≤
ˆ
B1(0)
ˆ
B4(0)
|ιx−zFA(z)|2dVg(z)dµ(x).
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Note in the equation above, instead of integrating on the annulus A3,4(0) as in its counterpart equation
(7.25) of [NV17], we integrate on the entire ball B4(p) in order to apply Lemma 3.2 later. Now for each
fixed x ∈ B1(0), we computeˆ
B4(0)
|ιx−zFA(z)|2dVg(z)
≤
ˆ
B8(x)
|ιx−zFA(z)|2dVg(z)
≤
ˆ
Aǫ1,8(x)
|ι∂rxFA(z)|2|x− z|4−n|x− z|n−2dVg(z) +
ˆ
Bǫ1 (x)
|ιx−zFA(z)|2dVg(z)
=C(n)
(
W1(x) +
ˆ
Bǫ1 (x)
|ιx−zFA(z)|2dVg(z)
)
.
(3.4.5)
Here we used (1.0.3) in both the penultimate inequality and the last identity. By (3.4.5) we have
λk+1
k+1∑
i=1
ˆ
B4(0)
|ινjFA(z)|2dVg(z) ≤
k+1∑
i=1
λj
ˆ
B4(0)
|ινjFA(z)|2dVg(z)
≤ C ′′(n)
ˆ
B1(0)
(
W1(x) +
ˆ
B(x,ǫ1)
|ιx−zFA(z)|2dVg(z)
)
dµ(x).
(3.4.6)
Now let us choose δ(n,Λ, ǫ) in Theorem 3.1 as small as δ(n,Λ, ǫ) in Lemma 3.2. Since A is (0, δ)-
symmetric in B8(p), but not (k + 1, ǫ)-symmetric in B1(p), we could then apply Lemma 3.2 to conclude
k+1∑
i=1
ˆ
B4(0)
|ινjFA(z)|2dVg(z) ≥ δ. (3.4.7)
Inserting (3.4.7) into (3.4.6) and then combining it with (3.4.1), we obtain
inf
Lk⊆Rn
ˆ
B1(0)
d2(x,Lk)dµ(x)
≤c(n)λk+1
≤c(n)C
′′(n)
δ(n, ǫ,Λ)
ˆ
B1(0)
(
W1(x) +
ˆ
B(x,ǫ1)
|ιx−zFA(z)|2dVg(z)
)
dµ(x)
=:C(n,Λ, ǫ)
ˆ
B1(0)
(
W1(x) +
ˆ
B(x,ǫ1)
|ιx−zFA(z)|2dVg(z)
)
dµ(x)
(3.4.8)
Thus we complete the proof of Theorem 3.1. 
4. THE INDUCTIVE COVERING LEMMA
In this section, we will prove a key covering lemma, which will later (in Section 5) be iteratively applied
in order to complete the proof of the main theorems. Briefly speaking, the lemma allows us to construct
inductive coverings of Skǫ,r while keeping effective track of the content estimates through all stages, and
finally arrive at a cover of Br(S
k
ǫ,r) by balls with size r whose content estimate will then yield the desired
Minkowski volume estimate (1.3.1). What lies in the heart of proving the lemma is to obtain the effective
content estimate of the covers that we build, via applying the L2-best approximation theorem and then
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the rectifiable-Reifenberg theorems to the measures associated to these covers. Let us begin by stating the
Lemma (c.f. Lemma 8.1 of [NV17]):
Lemma 4.1. Let A be stationary connection satisfying the same conditions as Theorem 1.10. Let E =
supx∈B1(p)∩Skǫ,r(A) θA(x, 1). Then for all η ≤ η(n,Λ, ǫ), there exists a covering Skǫ,r(A) ∩ B1(p) ⊆ U =
Ur ∪ U+ such that:
(1) U+ =
⋃
iBri(xi) with ri > r and
∑
i r
k
i ≤ C(n,Λ, ǫ);
(2) supy∈Bri (xi)∩Skǫ,r(A)
θA(y, ri) ≤ E − η;
(3) if r > 0, then Ur =
⋃N
i=1Br(x
r
i ) with N ≤ C(n)r−k;
(4) if r = 0, then U0 is k-rectifiable and satisfies Vol(Bs(U0)) ≤ C(n)sn−k for each s > 0; in particular
Hk(U0) ≤ C(n).
The above lemma is proved by modifying the proof of Lemma 8.1 of [NV17], presented in Section 8 of
[NV17]. Thus we only give details for the modifications we made to [NV17], and for the rest steps that are
identical (up to changing notations and terminologies) to those in [NV17], we refer the readers to the precise
lines containing them, instead of letting the same details reappear in this paper.
Proof. The proof starts to follow [NV17] from the paragraph after remark 8.1 on p. 205, until the second
paragraph of p. 211. Note in the second line of the proof of Lemma 8.5 of [NV17], the choice of τ(n) (see
Definition 1.4) is determined. The first major difference comes in the third paragraph preceding Subsection
8.2, p. 211. Instead of applying Theorem 2.4 of [NV17], we apply the following Theorem herein:
Theorem 4.2 (Quantitative dimension reduction). For each ǫ > 0, there exists δ(n,Λ, ǫ) > 0, r(n,Λ, ǫ) >
0, such that ifA is (k, δ)-symmetric inB2(p)with respect to some k-plane Vk, then for each x ∈ B1(p)\Bǫ(Vk),
then there exists some r∗ ≥ r(n,Λ, ǫ) such that A is (k + 1, ǫ)-symmetric in Br∗(x).
Note in Theorem 4.2 if we replace A by any Radon measure µ obtained as in the paragraph preced-
ing Definition 1.7, the conclusion still holds. This could be seen easily by using the weak-∗ convergence
|FAi |2dVolg → µ. In spite of the almost identical statements of Theorem 4.2 and Theorem 2.4 of [NV17],
their proofs (which are both by contradiction) slightly differ from each other due to the difference between
the two notions of “quantitative symmetry”. The proof of Theorem 4.2 will be given in Appendix B.
Upon applying Theorem 4.2, the proof continues to follow [NV17] until line 3, p.214. There we apply
Theorem 3.1 instead of Theorem 7.1 of [NV17]. Correspondingly, replace (8.38) of [NV17] by
Dkµ′(yj , s) ≤ C(n,Λ, ǫ)s−k
ˆ
Bs(yj)
(
Ws(z) + s
2−n
ˆ
Bǫ1s(z)
|ιz−xFA|2dVg(x)
)
dµ′(z). (4.0.1)
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By applying this to all r ≤ t ≤ s, we have the following estimate in place of (8.39) of [NV17]
s−k
ˆ
Bs(x)
Dkµ(y, t)dµ
′(y)
≤Cs−k
ˆ
Bs(x)
t−k
ˆ
Bt(y)
(
Wt(z) + t
2−n
ˆ
Bǫ1t(z)
|ιz−xFA|2dVg(x)
)
dµ′(z)dµ′(y)
≤Cs−kt−k
ˆ
Bs(x)
µ′(Bt(y))
(
Wt(z) + t
2−n
ˆ
Bǫ1t(z)
|ιz−xFA|2dVg(x)
)
dµ′(z)
≤Cs−k
ˆ
Bs(x)
(
Wt(z) + t
2−n
ˆ
Bǫ1t(z)
|ιz−xFA|2dVg(x)
)
dµ′(z).
(4.0.2)
In above inequality, let t = 2−β ≤ s ≤ 2−α+1 and sum (4.0.2) over all such βs. In place of (8.40) of
[NV17], we obtain
∑
2−β≤s
s−k
ˆ
Bs(x)
Dkµ′(y, 2
−β)dµ′(y)
≤Cs−k
ˆ
Bs(x)
∑
ry≤2−β≤s
(
W2−β (z) + (2
−β)
2−n
ˆ
B
ǫ12
−β (z)
|ιz−xFA|2dVg(x)
)
dµ′(z)
≤Cs−k
(
ǫ−11
ˆ
Bs(x)
|θA(z, 4s)− θA(z, ǫ1r)|dµ′(z)
+
ˆ
Bs(x)
( ∑
ry≤2−β≤s
(2−β)
2−n
ˆ
B
ǫ12
−β (z)
|ιz−xFA|2dVg(x)
)
dµ′(z)
)
≤C(n,Λ, ǫ)ǫ−11 η′ +Cs−k
ˆ
Bs(x)
( ∑
ry≤2−β≤s
(2−β)
2−n
ˆ
B
ǫ12
−β (z)
|ιz−xFA|2dVg(x)
)
dµ′(z)
=C(n,Λ, ǫ)ǫ−11 η
′ + II,
(4.0.3)
Now let us point out two distinctions between above estimate and (8.40) of [NV17]. Firstly, the second
term of the right hand side in (4.0.3) does not exist in (8.40) of [NV17]. In addition, compared to (8.40)
of [NV17], an extra ǫ−11 -factor appears in the first term on the right hand side of (4.0.3) due to (3.1.1). To
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estimate II , let us use a dyadic decomposition to estimate following first:
∑
ry≤2−β≤s
(2−β)
2−n
ˆ
B
ǫ12
−β (z)
|ιz−xFA|2dVg(x)
≤
∑
ry≤2−β≤s
(2−β)
2−n
∞∑
k=0
ˆ
A
ǫ12
−β−k−1,ǫ12
−β−k (z)
|ιz−xFA|2dVg(x)
≤C(n)
∑
ry≤2−β≤s
∞∑
k=0
(2−kǫ1)
n−2
ˆ
A
ǫ12
−β−k−1,ǫ12
−β−k (z)
|x− z|4−n|ι∂rzFA|2dVg(x)
=C(n)
∞∑
k=0
(2−kǫ1)
n−2
( ∑
ry≤2−β≤s
ˆ
A
ǫ12
−β−k−1,ǫ12
−β−k (z)
|x− z|4−n|ι∂rzFA|2dVg(x)
)
=C(n)
∞∑
k=0
(2−kǫ1)
n−2
( ∑
ry≤2−β≤s
(
θA(z, ǫ12
−β−k−1)− θA(z, ǫ12−β−k)
))
≤2C(n)Λ
∞∑
k=0
(2−kǫ1)
n−2
≤C(n,Λ)ǫn−21 .
(4.0.4)
In both the second equality and the penultimate inequality we used the monotonicity formula (1.0.3). Let us
now insert (4.0.4) into term II , (4.0.3), and use (8.37) of [NV17] (note all inequalities preceding (8.38) of
Section 8 of [NV17] has been obtained in our context) to obtain
∑
ry≤2−β≤s
2αk
ˆ
Bs(x)
Dkµ′(y, 2
−β)dµ(y) ≤ C(n,Λ, ǫ)ǫ−11 η′ + C(n,Λ)ǫn−21 .
by firstly choosing ǫ1 ≡ ǫ1(n,Λ, ǫ) and then choosing η′ ≤ η′(n,Λ, ǫ) we proved (8.41) of [NV17]; namely∑
2−β≤s
s−k
ˆ
Bs(x)
Dkµ′(y, 2
−β)dµ′(y) ≤ δ(n)2, (4.0.5)
where δ(n) is chosen from Theorem 2.3. By applying Theorem 2.3 we obtain (8.42) of [NV17] in our
context, and hence the conclusion of Lemma 4.1 for the set Ur (r > 0) and U+. To sum up, we have proved
(1), (2), (3) of Lemma 4.1.
For (4) of Lemma 4.1, namely the conclusion for U0, we make modifications to (8.46), (8.47), and (8.48)
of [NV17] similar to the modifications we made to (8.38), (8.39), and (8.40) of [NV17] respectively. Upon
making these modifications and by following the same lines given in Subsection 8.3, pp. 214-216, [NV17],
we also conclude (4) of Lemma 4.1. 
5. PROOFS OF THE MAIN THEOREMS
In this section we complete the proofs of Theorems 1.10, 1.11 and 1.12. Since the proofs are identical to
that written in Section 9 of [NV17] (up to switching a few notations from that context to this one), we omit
the details. Nevertheless, for the readers’ convenience we give an outline of how they are obtained from
Lemma 4.1. Here we follow Subsection 9.1 of [NV17].
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5.1. An outline. The proof goes by induction on energy and iterative applications of Lemma 4.1. To be
precise, the aim is to show:
Claim 5.1. For each l, there exists a constant C(l, n,Λ, ǫ) and a covering
Skǫ,r(A) ⊆ U lr ∪ U l+ =
⋃
i
Br(x
r,l
i ) ∪
⋃
i
Brli
(xli), (5.1.1)
with rli > r, such that the following two properties hold:
rk−nVol(Br(U
l
r)) + ωk
∑
i
(rli)
k ≤ C(l, n,Λ, ǫ),
sup
y∈B
rl
i
(xli)∩S
k
ǫ,r(A)
θA(y, r
l
i) ≤ Λ− l · η.
(5.1.2)
The proof of Theorem 1.10 will then follow from the claim. Indeed, let us take l to be the least integer that
l ≥ Λη +1, and we apply above claim to such l. Then by the second property of (5.1.2) we see that U l+ = ∅.
Therefore Skǫ,r(A) ⊆ U lr =
⋃
Br(x
l,r
i ). Now by the first property of (5.1.2) we have Vol(Br(S
k
ǫ,r(A))) ≤
C(l, n,Λ, ǫ)Vol(Br(U
l
r)) ≤ C(n,Λ, ǫ)rn−k. The proof of Claim 5.1 goes by induction. Notice that the
beginning stage l = 1 follows from Lemma 4.1. Thus let us assume we have proved Claim 5.1 for some
l ≥ 1. To build the desired covering for stage l+ 1 we simply apply Lemma 4.1 by replacing B1(p) therein
by Brli
(xli) for each i. Then we obtain:
Skǫ,r ∩Brli(x
l
i) ⊆ Ui,r =
⋃
l
Br(x
r
i,l) ∪
⋃
l
Bri,l(xi,l), for all i. (5.1.3)
Now let us set U l+1r = U
l
r ∪
⋃
i Ui,r and U
l+1
+ =
⋃
i,lBri,l(xi,l). It is not hard to check that this is a
desired cover for stage l+ 1. Thus finishes the proof of Claim 5.1. The Minkowski volume estimate (1.3.2)
follows similarly. For the rest conclusions in the main theorems on the structure of the sets, they follow from
Property (4) of Lemma 4.1 as well as standard geometric measure theory arguments; see the next subsection
for their references.
5.2. Proofs of Theorems 1.10, 1.11, and 1.12.
Proof. Up to necessary changes of notations, the proof of Theorem 1.10 follows the lines presented in
Subsection 9.1, pp. 216-218, [NV17], the proof of Theorem 1.11 follows the lines presented in Subsection
9.2, pp. 218-221, [NV17], and Theorem 1.12 follow the lines presented in Subsection 9.3, pp. 221-222,
[NV17]. Since all the proofs follow the corresponding arguments almost verbatim, we refer the readers to
those lines in [NV17] for details. 
6. APPLICATION TO THE STATIONARY YANG-MILLS CONNECTIONS
In this section, we will present an application of Theorems 1.10, 1.11, and 1.12 to the admissible station-
ary Yang-Mills connections defined in Subsection 2.3 of [Tia00]. For the readers’ convenience, let us recall
its definition. Let A be a stationary connection onM . We say that A is an admissible stationary Yang-Mills
connection, if further there exists a closed subset S(A) ⊆M such that (1)Hn−4(S(A)∩K) <∞ for every
compact setK ⊆M ; (2) A is smooth and satisfies Yang-Mills equation outside S(A).
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For convenience let us assume the base manifold M to be a topologically trivial geodesic ball B16(p)
satisfying the condition at the beginning of Subsection 1.3. Let {Ai}i be a sequence of admissible sta-
tionary Yang-Mills connections with ‖FAi‖L2(B16(p)) ≤ Λ. Then up to a subsequence we could assume
that {|FAi |2dVolg} converges as measures to some Radon measure µ in the weak-∗ sense. By [Tia00],
µ = |FA∞ |2dVg + ν, where ν (called the defect measure) is a positive Radon measure whose support S has
finite Hn−4-measure and is n− 4-rectifiable; moreover, there exists a subsequence {il}l and a sequence of
gauge transforms {σl}l that are smooth outside S, such that σ∗l Ail converges to A∞ smoothly outside S.
From now on, we shall refer to this convergence as “Ai weakly converges to (A∞, µ) with blow-up locus
S”. We are interested in studying the stratification of the singular set of A∞. However, it might be the
case that A∞ is no longer stationary. As a matter of fact, we might not be able to apply the theorems in
the Subsection 1.3 directly to A∞. Nevertheless, we can prove results about a weaker stratification of A∞.
Firstly, let us state the definition of tangent connection:
Definition 6.1 (Tangent connection). Let A be an admissible stationary Yang-Mills connection. Ax0 is
called a tangent connection of A at x0, if there is a positive real number sequence λi → 0 such that Aλi(x)
weakly converges to (Ay, µ); here Aλi(x) =: λ
−1
i A(λi(x− x0) + x0).
A variant of Lemma 5.3.1 [G. Tian] shows that every tangent connection of A∞ is 0-symmetric; in other
words, it is gauge equivalent to the pull back of a connection on the unit sphere Sn−1. For A∞, we have
Definition 6.2. For each k = 0, · · · n− 1, the kth weak-stratumWSk(A∞) is defined to be:
WSk(A∞) =:
{
y ∈ B1(p) : no tangent connection of A∞ at y is k + 1-symmetric
}
. (6.0.1)
Theorem 6.3. Let {Ai}i be a sequence of admissible stationary Yang-Mills connections withˆ
B16(p)
|FAi |2dVolg ≤ Λ,
such that Ai weakly converges to (A∞, µ0). Then for each k = 0, · · · , n − 4 and ǫ > 0, there exists a
constant C(n,Λ, ǫ), such that for any r > 0 we have
Vol(Br(S
k
ǫ (µ)) ∩B1(p)) ≤ C(n,Λ, ǫ)rn−k. (6.0.2)
Moreover,WSk(A∞) ⊆ Sk(µ), andWSk(A∞), Sk(µ) are both k-rectifiable.
Remark 6.1. This theorem extends Proposition 3.3.3 of [Tia00].
Proof. Firstly, we need a covering lemma similar to Lemma 8.1 of [NV17], with exactly the same statement
upon replacing A by µ0:
Lemma 6.4. Let A be stationary connection satisfying the same conditions as Theorem 1.10. Let E =
supx∈B1(p)∩Skǫ (µ0) θµ0(x, 1). Then for all η ≤ η(n,Λ, ǫ), there exists a covering Skǫ (µ) ∩ B1(p) ⊆ U =
U0 ∪ U+ such that:
(1) U+ =
⋃
iBri(xi) with ri > 0 and
∑
i r
k
i ≤ C(n,Λ, ǫ);
(2) supy∈Bri (xi)∩Skǫ (µ0)
θµ0(y, ri) ≤ E − η;
(3) U0 is k-rectifiable and satisfies Vol(Bs(U0)) ≤ C(n)sn−k for each s > 0; in particular Hk(U0) ≤
C(n).
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The proof of this lemma follows almost the same arguments as that of Lemma 8.1 of [NV17], and property
(2) follows trivially from the construction of the cover given after Remark 8.1 of [NV17]. However there
are two major modifications we need to make to the proof of Lemma 8.1 of [NV17]. The first one is in the
third paragraph preceding Subsection 8.2, p. 211. Instead of Theorem 2.4 of [NV17], we apply Theorem
4.2 (stated for µ0 instead of A) herein (see the paragraph after Theorem 4.2). The second difference occurs
when we apply the L2-best approximation theorem in obtaining (1) and (3) of Lemma 6.4. Let us take (3) for
example, and note the same modifications apply to (1). If µ is (0, δ)-symmetric in B16(p) but not (k+1, ǫ)-
symmetric in B1(p), then by the weak-∗ convergence |FAi |2dVg → µ0 we have for all i sufficiently large
that Ai is (0, 2δ)-symmetric in B16(p) but not (k + 1, ǫ/2)-symmetric in B1(p). Now let us fix arbitrary
sufficiently large integer K∗ ≫ 1. Then, in the line before (8.46) of [NV17], we apply Theorem 3.1 with
A, B1(p), ǫ, and δ replaced by Ai, B2−β (y), ǫ/2, and 2δ respectively, where i ≥ i(K∗) is sufficiently large,
2−K∗ ≤ 2−β ≤ s, with y, s and µ are the same as in (8.48) of [NV17]. We then obtain:
Dkµ(y, 2
−β) ≤ C(n,Λ, ǫ)(2β)−k
ˆ
B
2−β
(yj)
(
Ws(z) + (2
−β)2−n
ˆ
B
ǫ12
−β (z)
|ιz−xFAi |2dVg(x)
)
dµ(z).(6.0.3)
Then we take the sum of (6.0.3) over all such β and follow the same estimates (4.0.2)-(4.0.5) to obtain
∑
2−K∗≤2−β≤s
s−k
ˆ
Bs(x)
Dkµ(y, 2
−β)dµ(y) ≤ δ(n)2. (6.0.4)
By the arbitrariness ofK∗, we therefore have
∑
2−β≤s
s−k
ˆ
Bs(x)
Dkµ(y, 2
−β)dµ(y) ≤ δ(n)2. (6.0.5)
Now we can apply Theorem 2.2 to see that U0 is rectifiable. Thus finishes the proof of (3) of Lemma 6.4.
The same modifications given above apply to conclude (1) as well. After proving Lemma 1.8, we could
then follow exactly the same arguments in Subsections 9.1 and 9.2 of [NV17] to obtain the rectifiability of
Skǫ (µ0) as well as (6.0.2).
Now it remains to show WSk(A∞) ⊆ Sk(µ). It suffices to prove WSk(A∞)c ⊇ Sk(µ)c. Let x0 be a
point at which µ has a (k+1)-symmetric tangent measure η. By definition, there exist positive real number
sequences λl → 0 and ǫl → 0 such that for each i, there exist (ǫl, 1)-cone tips of µλl in B1/2(x0, λ−2l g),
denoted by x0, p
(i)
1 , · · · , p(i)k+1, that τ(n)-effectively span a k + 1-plane; up to passing to subsequence we
may assume that p
(i)
α → pα as i → ∞ for each α = 1, · · · , k + 1, and that they span some k + 1-
plane Vk+1. Further by the weak-∗ convergence |FAi |2dVg → µ, there exists a subsequence {Ail}l such
that |FAil,λl,x0 |2dVolλ−1l g → η in the weak-∗ sense. By Theorem 3.1.2 and Theorem 3.3.3 of [Tia00],
Ail,λl converge weakly to some pair (Ax0 , ν˜) with blow-up locus S˜, such that S˜ is (n − 4)-rectifiable,
ν˜ = Θ˜dHn−4
∣∣
S˜
for some positive function Θ˜, and η = |FAx0 |2dVol + ν˜. On the one hand, by (5.3.4) of
[Tia00] we achieve the following identity for all s > 0 and each α = 0, · · · , k + 1:
ˆ
S˜∩A2ǫs,2s(pα)
|x− pα|4−n|∇⊥rα|2Θ˜dHn−4(x) + 4
ˆ
A2ǫs,2s(pα)
|x− pα|4−n|ι∂rαFAx0 |2dVg
=θη(pα, 2s)− θη(pα, 2ǫs) = 0,
(6.0.6)
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where∇⊥rpα denotes the component of∇rpα that is perpendicular to the tangent space of S˜; by the (n−4)-
rectifiability of S˜,∇⊥r isHn−4-a.e. well defined on S; the last identity in (6.0.6) follows from the (k+1)-
symmetry of η. Especially, this implies that:
ι∂rpαFAx0 (x) = 0, for all x ∈ Rn, α = 0, · · · , k + 1. (6.0.7)
Therefore Ax0 is a (k + 1)-symmetric connection. On the other hand, due to the facts that |FAi |2dVg →
µ = |FA∞ |2dVolg + ν, µλl → η both in the weak-∗ sense, Ax0 is a tangent connection of A∞ at x0; in
other words, x0 ∈ WSk(A∞)c. By the arbitrariness of x0, we conclude that WSk(A∞) ⊆ Sk(µ). The
rectifiability ofWSk(A∞) hence follows immediately from that of Sk(µ). Thus we complete the proof of
Theorem 6.3. 
APPENDIX A: PROOF OF CLAIM 1.1
Proof. We may assume that µ is a tangent measure of a stationary connection A at p. In other words,
|FAl |2dVol → η in the weak-∗ sense, where Al(x) =: λ−1l A(λl(x − p)). According to the discussions in
the paragraph preceding Definition 1.2, we may further assume that µ is a cone measure at the origin and set
θµ(y, r) = r
4−nµ(Br(y)).
Firstly, assume that µ is k-symmetric in the sense of Definition 1.2. In other words, µ satisfies T ∗eiµ = µ
for i = 1, · · · , k where {ei}ni=1 forms an orthonormal basis. As a matter of fact, θµ(x, r) =: r4−nµ(Br(x))
is constant in r for all x ∈ span{ei}ki=1. Apparently this implies that µ is k-symmetric in the sense of
Definition 1.8. This completes the proof of one direction.
For the converse, let us assume that µ is k-symmetric in B1(0) with respect to some k-plane Vk in the
sense of Definition 1.8. Suppose that Vk is spanned by an orthonormal basis {ei}ki=1. Also denote by
z1, · · · , zk the points such that zi = ei/4. From Remark 1.5 we have
lim
l→∞
k∑
j=1
ˆ
B1(p)
|ι∂zjFAl |2(x)dVλ−2
l
g(x) = 0,
lim
l→∞
ˆ
Aσ,ρ(p)
|x− p|4−n|ι∂rpFAl |2(x)dVλ−2
l
g(x) = 0, for all σ, ρ ≤ 1/2.
Using this and (1.1.3), we have the following for all y ∈ B1/2(0) ∩ Vk:
lim
l→∞
ˆ
Aσ,ρ(y)
|x− y|4−n|ι∂ryFAl |2(x)dVλ−2
l
g(x) = 0, for all σ, ρ ≤ 1/2. (6.0.8)
Hence for all y ∈ B1/2(0) ∩ Vk and all σ, ρ ≤ 1/2, we obtain:
θµ(y, ρ)− θµ(y, σ) = ρ4−nµ(Bρ(y))− σ4−nµ(Bσ(y))
= lim
l→∞
ˆ
Aσ,ρ(y)
4|x− y|4−n|ι∂ryFAl |2dVλ−2l g(x)
= 0.
(6.0.9)
Now we show that θµ(q, r) is constant in r for q = 0, z1, · · · , zk. Choose any r > 0. By the fact that η is a
cone measure at 0, we have the following for any ǫ > 0:
θµ(zi, r)− θµ(zi, 1/2) = θµ(ǫzi, ǫr)− θµ(ǫzi, ǫ/2).
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Choose ǫ small enough to guarantee that Bǫr(ǫzi) ⊆ B1/2(p). Upon applying (6.0.9), we see that the right
hand side of the above equation is 0. Therefore, we have θµ(zi, r) − θµ(zi, 1/2) = 0. Hence θµ(q, r) is
constant in r for q = 0, z1 · · · , zk . By (1.0.3), we have:
lim
l→∞
ˆ
Aσ,ρ(zi)
|ι∂rziFAl |2(x)dVλ−2l g(x) = 0, for all σ, ρ > 0
To see that this implies µ is a cone measure at 0, z1, · · · , zk, we apply (1.0.4) for any σ, ρ > 0 and any radial
symmetric function ψ at q for q = 0, z1, · · · , zk to obtain
ρ4−n
ˆ
Bρ(q)
ψdµ − σ4−n
ˆ
Bσ(q)
ψdµ
= lim
l→∞
ˆ
Aσ,ρ(zi)
4|x− zi|4−nψ|ι∂rziFAl |2dVλ−2l g
− lim
λl→0
ˆ ρ
σ
4τ3−n
( ˆ
Bτ (zi)
|x− zi|〈ι∂rziFAl , ι∇ψFAl〉dVλ−2l g
)
dτ
=0.
(6.0.10)
Since ψ is arbitrary, (6.0.10) implies that µ is a cone measure at 0, z1, · · · , zk, and (if we denote 0 by z0) for
i = 0, · · · , k we have dµ = rn−5i drzi ∧ dξi(θ), where rzi(·) = dist(zi, ·) and dξi(θ) is a Radon measure on
the unit sphere {z ∈ TpM : rzi(z) = 1}. Clearly it follows that µ(z1, · · · , zn) = µ(zk+1, · · · , zn). In other
words, µ is k-symmetric in the sense of Definition 1.2. This completes the proof of the other direction, and
hence concludes Claim 1.1. 
APPENDIX B: PROOF OF THEOREM 4.2
Proof. The proof is by contradiction. Suppose the contrary holds. Then there exists an ǫ0, a sequence of
stationary connections Ai, positive real number sequences δi → 0 and ri → 0 such that Ai is (k, δi)-
symmetric in B1(xi) with respect to V
(i)
k , and yi ∈ B1(xi)\Bǫ0(V (i)k ) where no such r∗ > ri exists that Ai
is (k + 1, ǫ0)-symmetric in Br∗(yi). Assume V
(i)
k is 1/2-effectively spanned by 0, ξ
i
1, · · · , ξik.
Up to passing to a subsequence we may assume xi = 0 ∈ Rn, yi → y∞ and ξ(i)α → ξ(∞)α for each
α = 1, · · · , k; denote by V∞k the k-plane spanned by 0, ξ∞1 , · · · , ξ∞k . For convenience, let us denote 0 by
ξi0 for all i. Moreover, assume that |FAi |2dVg converges to a measure µ in weak-∗ sense. Thus, the fact that
Ai is (k, δi)-symmetric in B1(0) with respect to V
(i)
k implies that µ is k-symmetric in B1(0) with respect to
V∞k .
Let us choose r0 sufficiently small to be determined later. On the one hand, by the monotonicity of
r4−nµ(Br(y∞)) and the pigeonhole principle, for any r0 there exists r
∗ with r0 ≥ r∗ ≥ r0 ·(ǫ0/10)10Λ/ǫ0 ≡
r0 · r(n,Λ, ǫ0) such that
|θA(y∞, 10r∗)− θA(y∞, ǫ0r∗/10)| < ǫ0/10. (6.0.11)
On the other hand, let V
(y∞)
k be the k-plane that is parallel to V
(∞)
k and passing through y∞. We may find
k points {y∞,l}kl=1 ⊆ Br∗(y∞) ∩ V (∞)k such that together with y∞ they τ(n)r∗-effectively span V (∞)k in
Br∗(y∞). By the k-symmetry of µ in B1(0), we have
|θ(y∞,l, 10r∗)− θ(y∞,l, ǫ0r∗/10)| < ǫ0/10, l = 0, · · · , k, (6.0.12)
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where we denoted y∞ by y∞,0. Let y
proj
∞ be the projection image of y∞ onto V
∞
k . Denote by yr∗ the
intersecting point of ∂Br∗(y∞) with the line passing through y
proj
∞ and y∞, and set d
∗ = dist(y
proj
∞ , y∞).
Using the fact that r4−nµ(Br(y
proj
∞ )) is constant in r ∈ [0, 1/2], we have
t4−nµ(Bt(yr∗)) = s
4−nµ(Bs(y∞)),where
s
t
=
d∗
d∗ + r∗
. (6.0.13)
By (6.0.11), (6.0.13), the fact that d∗ ≥ ǫ0, and choosing a sufficiently small r0 ≤ r0(ǫ0), we obtain
|θ(yr∗, s)− θ(yr∗, ǫ0s)| < ǫ0/10, ǫ0r∗/5 ≤ s ≤ 5r∗. (6.0.14)
From (6.0.12) and (6.0.14), we see that yr∗ , y∞, y∞,1, · · · , y∞,k are (ǫ0/2, r∗)-cone points at y∞; moreover,
they 2τ(n)r∗-effectively span a (k+1)-plane. By Definition 1.8, µ is (k+1, ǫ0/2)-symmetric onBr∗(y∞).
By the weak-∗ convergence, Ai is (k + 1, ǫ0)-symmetric on Br∗(yi) for all i sufficiently large. This gives a
contradiction since r∗ > ri for all i sufficiently large. Thus we complete the proof of Theorem 4.2. 
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